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Abstract A system of equations has been constructed in
order to find effective pyroelectric, dielectric, piezoelectric,
elastic and thermoelastic constants of heterogeneous mate-
rials using the method of self-consistency. By means of
these equations the characteristics are simulated of the
electrically depoled piezoceramics and of composites with
antiparallel polarization of the components. Such a com-
posite, being a mixture of BaTiO3 and PZT-19 ceramic
particles, manifests at a certain concentration of PZT-19
high pyroelectric properties but does not practically possess
the piezoeffect. But at another concentration it is a strong
piezoelectric without any pyroeffect.
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1 Introduction

In recent years the heterogeneous ferroelectric materials in
the form of piezoceramics and composites have occupied
and, apparently, will still long time occupy a leading
position in the piezotechnology. For that reason an ever-
increasing number of publications are devoted to the
question of prediction of characteristics for these materials

[1–13]. A particular interest is attracted by the pyro- and
piezoelectric phenomena which underlie quite a few practi-
cal applications. Effective properties of a heterogeneous
material essentially depend on its micro-geometry. Defini-
tion of these properties is a difficult and important problem.
Therefore exact solutions which have been found by authors
[1–4] for some special cases inhomogeneous piezoelectric
and pyroelectric materials cause the big interest. However,
for many real situations such solutions are not applicable.
As a rule, a self-consistent scheme has been used for
practical calculations which was developed as a method of
effective medium and a method of effective field [5–13].

The ferroelectric ceramics is characterized by some
specific properties. It possesses domain structure with
mobile domain walls which give the additional contribution
to the linear macroscopic response. From experimental
investigation it is well known that effective properties of
ferroelectric ceramics cannot be understood without taking
into account the domain wall motions. Besides, domains are
switched under the influence of strong electric field and
mechanical stress that leads to the hysteresis phenomena.
For this reason some models which consider specific
aspects of effective behavior of ferroelectric ceramics, have
been developed [14–20].

The method of effective medium has been employed in
the present work for theoretical prediction of effective
pyroelectric, dielectric, piezoelectric, elastic and thermo-
elastic properties of piezoceramics and composites. An
appropriate set of equations has been constructed allowing
one to carry out necessary calculations, the relationship
between the pyro- and piezoelectric characteristics is
studied and the results are compared with experiment. The
purpose of this work has been to show the possibility of
creating active heterogeneous ferroelectric materials with
preset pyro- or piezoelectric properties.
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2 A spherical inclusion into the pyroactive medium

A solution of the problem of interaction between a spherical
inclusion and the homogeneous anisotropic piezoactive
medium was presented in [5, 12]. It has been shown that
if in the medium (away from the inclusion) homogeneous
electric E0, D0 and elastic σ0, S0 fields are given, the
corresponding fields inside the inclusion are also homoge-
neous and they are related to the fields E0, D0, σ0 and S0 by
the linear equations

E ¼ E0 þ A0 D0 � Dð Þ þ H 0 S0 � Sð Þ;
σ ¼ σ0 þ H

0
t D0 � Dð Þ þ B0 S0 � Sð Þ; ð1Þ

where σ, S are the tensors of stress and strain and E, D are
the electric field and the electric displacement field. The
superscript “0” denotes here and in the following the values
of the fields operative in the medium. The matrices A′, H′
and B′ in Eq. 1 depend on the medium’s properties only and
are determined by the relationships

A0 ¼ � e�S þ a
� ��1

; H 0 ¼ �A0 e� þ gð Þ;
B0 ¼ b� c�E � e� þ gð ÞtH 0 ð2Þ

where e*S is the dielectric permittivity of the medium at a
fixed strain, e* are the piezoelectric constants, c*E are the
elastic moduli at a fixed field, the transposed matrices are
designated by the letter t and the elements of the matrices a,
g and b were calculated in [5, 12].

Note that the Eq. 1 do not impose any restrictions on
the relations between the fields E, D, σ and S inside the
inclusion, they merely reflect the “elastic” linear character
of the interaction between the inclusion and the medium.
They have a very general form and do not contain in
explicit form relations between E0, D0, σ0 and S0 (naturally
assuming that these relations should be linear). Although
the relationships 1 were obtained for the piezoelectric
medium under isothermal external conditions, they remain
valid also when homogeneous temperature effects are
present. In this case, the electric and elastic fields E0, D0,
σ0 and S0 may contain contributions produced by linear
pyroelectric and thermoelastic processes.

3 The method of effective medium; basic equations

This method is actually a self-consistent scheme for finding
the effective constants of heterogeneous materials in which
the individual crystallite is considered as an isolated
inclusion in a certain medium whose properties are to be

determined. These properties coincide with the effective
properties of the material as a whole.

In order to determine the effective constants consider the
Eq. 1 together with the linear relationships for the
inclusion

E ¼ �hsþ ηSD� qSθ;
σ ¼ cDS � htD� βDθ;

ð3Þ

where q ¼ T � T0 is the deviation of the sample’s
temperature T from a certain given temperature T0,
ηS ¼ eS

� ��1
is the dielectric stiffness at a fixed strain, cD ¼

cE þ ethSe are the elastic moduli at a fixed electric
displacement, h=ηSe are the piezoelectric constants, qS

and βD are the pyroelectric coefficients and the coef-
ficients of thermal stresses at a fixed strain and electric
displacement. The Eq. 3 can be written in a compact
form

E
σ

� �
¼ L

D
S

� �
� Γθ; L ¼ ηS �h

�ht cD

� �
; Γ ¼ qS

βD

� �
:

ð4Þ
The corresponding set of linear equations for the

medium is as follows

D0

S0

� �
¼ L�

E0

σ0

� �
þ Γ �θ;

L� ¼ e�σ d�

d�t s�E

� �
; Γ � ¼ p�σ

a�E

� �
;

ð5Þ

where "�s ¼ "�S þ e� c�Eð Þ�1
e�t are the dielectric permittiv-

ity at a fixed stress, d� ¼ e� c�Eð Þ�1
are the piezomoduli,

s�E ¼ c�Eð Þ�1
are the elastic compliances at a fixed field,

p�s are the pyroelectric coefficients at a fixed mechanical
stress, α*E are the coefficients of thermal expansion at a
fixed field. By substituting Eq. 3 into Eq. 1 we obtain a set
of equations for determining the electric displacement D
and the strain S inside the inclusion. A solution to this
system can be presented in the following form

D
S

� �
¼ Δ�1 I þ P0L�

� � E0

σ0

� �
þΔ�1 Γ þ P0Γ �� �

θ;

ð6Þ
where Δ ¼ P0 þ L is the symmetrical matrix of the system,
I is the unit matrix of the ninth order. The matrix P0 defined
as follows

P0 ¼ A0 H 0

H
0
t B0

� �
: ð7Þ

By averaging D and S given by the expression 6 over the
volume, we get the sought-for system of 13 equations for
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finding the effective pyroelectric, dielectric, piezoelectric,
elastic and thermoelastic constants

L� ¼ P0 þ Lð Þ�1
I þ P0L�ð Þ

D E
;

Γ � ¼ P0 þ Lð Þ�1
Γ þ P0Γ �ð Þ

D E
:

ð8Þ

The Eq. 8 represent the most general and rigorous for-
mulation of the effective medium; the averaging in Eq. 8 is
performed over all components of the material and all
orientations.

We wish to note that the matrices a, g and b in Eq. 2
may also be calculated by means of the Eshelby matrix Es

the explicit form of which for the ellipsoidal inclusion was
determined in [9, 10].

B �Ht

�H A

� �
¼ Es

c�E e�t
e� �"�S

� ��1

;

a ¼ A�1 þ A�1HbHtA�1; b ¼ B� HtA�1Hð Þ�1
; g ¼ �A�1Hb:

ð9Þ

4 Experimental procedure

The piezoelectric characteristics were measured by the
resonance–antiresonance method [21]. When the piezoac-
tivity of the samples was weak, the necessary constants
were calculated by the technique described in [22].
Measurements were carried out on thin discs (with the
diameter-to-thickness ratio being about 10) of the BaTiO3,
ceramics as well as of the “ferrosoft” tetragonal ceramics
Pb0,95Sr0,05(Zr0,53Ti0,47)O3+1%Nb2O5 (the commercial
designation PZT-19) manufactured by the conventional
technique in conditions of serial production. Prior to
measurements the samples were annealed at a temperature
manifestly exceeding the Curie point. The remanent
polarization was measured by the Hamano technique [23]
and the pyroelectric response by the dynamic method of
Chynoweth [24].

So as to measure the piezoelectric response in the
quasistatic regime a set-up was used analogous to that
described by Damjanovic in [25]. A special measuring cell
(Fig. 1) allowed one to simultaneously observe the piezo-
and pyroelectric responses of the sample to the action of the
sinusoidal load (frequency of 78 Hz) and of the modulated
thermal stream. Before the measurements the sample was
poled up to saturation. Then, in order to change the
polarization in accordance with the pre-set value, an electric
field of inverse polarity was applied to it whose strength
and duration of action were appropriately chosen. The
experimental data presented correspond to the stabilized
values measured 5 to 10 min after the removal of the field.

5 Effective constants of piezoceramics

Using Eq. 8, the dependence of the effective constants of
electrically depolarized BaTiO3 piezoceramics on the value
of polarization was calculated. We took into account the
rearrangement of the 180° domain structure under the action
of an electric field as well as the reversible shift of the 90°
domain walls. The following model of the electrically
depolarized piezoceramics was used [20]. It was assumed
that in the initial state the sample was polarized up to
saturation in the direction of the axis X �

3 of the laboratory
system of coordinates. In this state all the crystallites,
regardless of their orientation, have the same domain
structure [Fig. 2(a)], and the maximum value of the remanent
polarization Pr of the sample Pmax

r ¼ ffiffiffi
2

p
Ps

�
4 �0:35Ps,

where Ps is the spontaneous polarization.
The electric field applied in the opposite direction causes a

partial (or complete if it is big enough) depolarization of the
sample due to the appearance of the 180° domains with the
volume concentrations m and 1−m corresponding to
the reciprocally inverse orientation of Ps [Fig. 2(b)]. The
value of m and, consequently, the constants of the crystallite
depend on its orientation and on the value of the depoling
field [20]. We assume that the relative volume concentration
of the 90° domains in each crystallite is equal 1/2 [Figs. 2(a),
(b)] and does not change in the course of repolarization.

The constants of the single domain BaTiO3 crystal were
taken from [21]. Since there are no data in the literature on

Fig. 1 The scheme showing the setup of a measuring cell for simultaneous
observation of the sample’s pyroelectric and piezoelectric responses. 1—
Source of thermal irradiation, 2—mechanical interruptor, 3—a washer
made of melted quartz, 3′—a steel washer, 4—sample, 5—thermostat,
6—to voltmeter (piezoelectric voltage), 7—to oscillograph (pyroelectric
voltage), 8—the measuring load F ¼ F0 cos 2πft f ¼ 78 Hzð Þ
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the coefficients of thermal expansion aE
11 and aE

33 for single
domain crystal we used corresponding values for the poled
ceramics BaTiO3 [26]. Note that the varying of numerical
values of these constants within a quite broad range does
not affect the essence of conclusions drawn from an
analysis of results of subsequent calculations. For the
pyrocoefficient the value −200 is given in [24], while in
[27] this value is −700 μC/m2K. In the present work we
used in calculations the value pσ3 ¼ �450 μC

�
m2K.

The effective constants of a polydomain crystallite have,
at a given value of m, two components: the intrinsic (lattice)
component and the domain-orientational component pro-
duced by the reversible shift of the 90° domain walls. The
technique of calculation of these components was described
in [20]. All crystallites in the sample were assumed to
possess the same mobility of the 90° domain walls which is
characterized by the value g ¼ Hcð Þ�1 � 106 N

�
m2 (H is

the average width of the domain and 1/c is the so-called
coefficient of the quasielastic force).

The set of Eq. 8 were solved numerically by the
iteration method. The orientation of the crystallite’s main
system of coordinates relative to the laboratory system was
determined with the aid of the Euler angles. So as to carry
out the averaging over the orientations of the matrix of the
crystallite constants, L and Γ in Eq. 8 are transformed into
the laboratory system of coordinates.

6 Piezoceramics; results and discussion

Calculations have shown that the values of all constants are
largely determined by the domain mechanism. With a very
low mobility of the 90° domain walls (γ=10−3) for the
BaTiO3 ceramics poled up to the limit d�31 ¼ �25:7, d�33 ¼
55:8 and d�15 ¼ 89:0 pC=N. But when the mobility is high
(g=103), the piezomoduli are as follows: d�31 ¼ �70:3,
d�33 ¼ 145:5, d�15 ¼ 185:5pC=N. Thus, for the upper limit
of the value of a contribution to, e.g., d�33 produced by the
reversible shift of 90° walls we obtain 145.5–55.8=
89.7 pC/N. This estimate is consistent with the results
obtained in [28].

Figure 3 shows the dependence calculated at γ=0.5 of
the piezomoduli of the BaTiO3 ceramics on the value of the
pyrocoefficient. It is evident from this Figure that in the
ferroelectric ceramics a state can be brought about in which
this material will be piezoelectric without having pyroelec-
tric properties. This conclusion is of crucial importance
since it has been commonly assumed that such a state is
typical, for example, of the piezoelectric crystals of non-
polar classes, but not of the piezoceramic materials.

The piezomoduli that correspond to a sample’s state in
which it does not manifest any pyroelectric activity
p�s3 ¼ 0
� �

also depend in large measure on the value of
mobility of the 90° domain walls (Fig. 4). The character of
these dependences is not consistent with the habitual ideas
concerning the role of the domain mechanism in ferro-
electrics—in electrically depolarized piezoceramics this
mechanismmay weaken rather that enhance the piezoelectric
activity of the sample. Indeed, at a very low mobility of the
90° walls (g=10−3) the piezomoduli are determined by the
intrinsic piezoeffect of the crystallites as is evident from
the Figures, with the increasing γ the piezoelectric activity
of the sample grows weaker, all components of the tensor
of the piezomoduli decrease in absolute value. At a certain,
comparatively minor mobility of the walls the intrinsic
piezoeffect in the crystallites is compensated by a contri-
bution produced by the reversible displacement of the
domain walls and the piezoelectric properties of the sample
are lost. Note that a more detailed discussion of the
questions relating to the effect of the domain walls’
mobility on properties of the piezoceramics lies outside
the framework of this paper and will be the subject of
separate publications in which, for example, the behavior of
the ceramics’ effective constants at g→∞ could be dealt
with.

The piezoelectric response of the sample which does not
manifest the pyroelectric activity is clearly revealed in

Fig. 3 Calculated piezomoduli of the BaTiO3 ceramics dependent on
the pyroelectric coefficient with the mobility of the 90° domain walls
gγ=0.5 (the temperature was 25° C). 1—d�31, 2—d�33, 3—d�15

Fig. 2 The domain structure used in the calculation of effective
constants of the BaTiO3 piezoceramics. (a) The poled ceramics,
Pmax
r ¼ ffiffiffi

2
p

Ps

�
4, (b) the electrically depoled ceramics. Arrows show

the direction of polarization in domains
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quasi-static measurements when a small sign-variable
mechanical force acts on the sample along its polar axis
(Fig. 5). However, an interpretation of the measurement
results is this case not easy since the mechanical stresses
and the temperature are not uniform in the bulk of the
sample.

The calculated absolute value of the transverse piezo-
modulus d�31 corresponding to p�s3 ¼ 0 equals at g=0.5
about 3.8 pC/N, while the measured value, as is evident
from Figs. 3 and 6, amounts to approximately 2–3 pC/N.

Figures 6, 7, and 8 show that the calculation results
reproduce quite well the typical experimental dependences.
The extreme character of the behavior of the dielectric
permittivity dependent on the pyrocoefficient (Fig. 7) is due
to the electromechanical interaction. When p�s3 attains a
certain value close to zero, the domains in crystallites take
on an “antiparallel” orientation and, owing to the piezoef-

fect, the crystallites and domains actively “clamp” each
other. With the changing polarity of the sample this
clamping is gradually removed and, accordingly, the
dielectric permittivity increases.

When the mobility of the 90° domain walls is moderate
(g=0.5), the dependence of the pyroelectric coefficient p�s3
on the remanent polarization Pr calculated for the BaTiO3

ceramics is practically linear and single-valued, which
agrees satisfactorily with the experiment (Fig. 8). At a high
enough value of g, the calculated dependence p�s3 ¼ f Prð Þ
is characterized by the hysteresis.

Fig. 5 Relationship between the pyroelectric U1 and piezoelectric U2

voltage arising at the sample’s electrodes (diameter 10 mm, thickness
0.5 mm) subjected to an intensity-modulated thermal irradiation and a
weak sign-variable force acting along the polar axis. (a) BaTiO3

ceramics at 25 °C, (b) PZT-19 ceramics at 25 °C. Solid lines represent
approximations of experimental data (circles and triangles)

Fig. 6 The dependence of the transverse piezomodulus of the BaTiO3

ceramics on the pyroelectric coefficient at 25 °C. Solid lines represent
values calculated by means of Eqs. 8 while circles and triangles
indicate the experimental data

Fig. 7 Dependence of the relative dielectric permittivity of BaTiO3

ceramics on the pyroelectric coefficient at 25 °C. Solid lines represent
values calculated from Eqs. 8 and circles and triangles are the data of
experiment

Fig. 4 The dependence of the piezomoduli (1—d�31, 2—d�33, 3—d�15)
that correspond to a state of the BaTiO3 ceramic sample in which it
does not manifest pyroelectric activity on the value lgγ which
characterizes mobility of the 90° domain walls at the temperature of
25 °C

446 J Electroceram (2009) 22:442–448



7 The effective constants of mixture composites

The piezoactivity of the electrically depolarized BaTiO3

ceramics in the state when it is not a pyroelectric is
relatively minor as has been shown by the results presented
in Section 6. One may expect that the composites represent
in this respect more promising materials.

For the effective constants of a two-phase composite
which is a mixture of particles with the antiparallel
polarization of the phases we have

Δ�1 ¼ xΔ�1
1 þ 1� xð ÞΔ�1

2 ; ð10Þ

where x is the relative volume concentration of the
components. The subscripts in Eq. 10 indicate the first
and second component, respectively.

The effective pyroelectric coefficients p�s and the
coefficients of thermal expansion α*E of the composite

p�σ

a�E

� �
¼ xD�1

1 G1 þ 1� xð ÞD�1
2 G2; ð11Þ

where the following notation has been introduced

G ¼ qS þ A0p�σ þ H 0a�E

βD þ H
0
t p

�σ þ B0a�E

� �
: ð12Þ

Calculations have been carried out for a composite that
consists of the ceramic BaTiO3 and PZT-19 particles. It was
assumed that BaTiO3 particles were poled in the direction
of the sample’s polar axis and the PZT-19 particles in the
opposite direction. Practically, such a composite may be
manufactured by the mixing and subsequent sintering of
two ceramic powders previously ground to the necessary
size. When a strong poling field is applied to such a
composite it will obviously lead to such a situation that the
remanent polarization will in each particle be directed
strictly parallel to the field. Since the coercive fields of the
chosen materials are different, the application of an
opposite and weaker electric field will result in the
antiparallel polarization of the components.

The constants for BaTiO3 ceramic were borrowed from
[21, 26] and the pyrocoefficient ps for PZT-19 from [29]. It
was assumed that the coefficients αE for PZT-19 were equal
to the corresponding value for BaTiO3. The remaining
constants for PZT-19 were measured by us using the
resonance–antiresonance method [21].

As may be seen from Fig. 9, with the antiparallel
polarization of the components there occur nonmonotonic
dependences of dielectric permittivities on the PZT-19
concentration. Similarly to the case of ceramics (Fig. 7),
the electromechanical interaction between the structural

Fig. 9 Dependence of relative dielectric permittivities (1—e�σ11
�
e0,

2—e�σ33
�
e0) of a pyroelectric composite, which is a mixture of the

BaTO3 and PZT-19 ceramic particles on the PZT-19 concentration.
Solid lines represent the BaTO3 and the PZT-19 particles with the
opposite polarization. Broken lines show the particles partially
polarized in the same direction

Fig. 8 The dependence of the pyroelectric coefficient of the BaTiO3

ceramics on the remanent polarization of the sample at the temperature
of 25 °C. The solid line represents the calculation results with the
mobility of the 90° domain walls γ=0.5 while the circles and triangles
denote the experimental data

Fig. 10 The dependence of the piezomoduli (1—d�31, 2—d�33, 3—d�15)
and the pyrocoefficient (Eq. 4) of a composite that consists of a mixture
of the BaTO3 and PZT-19 ceramic particles on the PZT-19 concentra-
tion. The particles are poled in reciprocally opposite directions
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elements brings about the “clamping” effect: at a certain
concentration x, the dielectric permittivity of the composite
as a whole turns out to be less that the permittivities of both
components. In a composite with the parallel orientation of
the polarization in the components (broken lines in Fig. 9),
the minimum of "�skk ¼ f xð Þ is not observed: the dielectric
permittivities decrease monotonically with the growing
concentration of PZT-19.

Figure 10 illustrates the fact that some properties can be
totally absent in the composite whereas each component
separately does have them. We can see in the Figure that there
are two characteristic points on the concentration dependences
d�ik ¼ f xð Þ and p�s3 ¼ f xð Þ. At x≈0.45 the composite
practically loses its piezoactivity, even though either com-
ponent possesses a strong piezoeffect. At the same time the
composite retains a high pyroelectric activity and the
pyrocoefficient p�s3 is at the given concentration greater in
absolute value than for the PZT-19 ceramics attaining
−68 μC/m2K. At the concentration x≈0.8, the composite
loses its pyroactivity but manifests fairly high piezoelectric
properties (d�31 � 70, d�33 � �160 and d�15 � �220 pC=N).

Finally, it must be noted that the conventional ferroelec-
tric piezomaterials are also, as a rule, good pyroelectrics. It
is well-known that in technological applications materials
are required with definite preset pyro- or piezoelectric
properties that would correspond to the concrete use of the
material. In electro-mechanical transducers, the presence of
pyroelectric properties is in some cases undesirable or even,
inadmissible. As opposed to that case, for pyroelectric
receivers of the thermal irradiation materials are needed
with weak piezoelectric properties.

The above-presented discussion has shown that the com-
posite materials can be quite strong piezoelectrics and have at
the same time the weakest possible pyroelectric properties.
Such heterogeneous materials are analogs of the piezoelectric
crystals of non-polar classes, a typical representative of which
is quartz. On the other hand, a composite may be a good
pyroelectric but have near-zero piezoelectric properties.

8 Conclusion

A set of equations have been proposed for calculating the
effective pyroelectric, dielectric, piezoelectric, elastic and
thermoelastic constants of heterogeneous materials. This

system represent the most comprehensive and most rigorous
formulation of the effective medium method and allows one
to simulate characteristics of the electrically depoled
piezoceramics in a satisfactory agreement with experiment.

A possibility has been established in principle of creating
two types of active heterogeneous materials: (1) pyroactive
materials which practically do not possess piezoelectric
properties; (2) piezoactive materials without pyroelectric
properties.
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